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Various experimental platforms have proven to be valid testbeds for the implementation of non-
dipolar light-matter interactions, where atomic systems and confined modes interact via two-photon
couplings. Here, we study a damped quantum harmonic oscillator interacting with N qubits via a
two-photon coupling in the so-called bad-cavity limit, in the presence of finite-temperature baths
and coherent and incoherent drivings. We have succeeded in applying a recently developed adi-
abatic elimination technique to derive an effective master equation for the qubits, presenting two
fundamental differences compared to the case of a dipolar interaction: an enhancement of the qubits
spontaneous-like emission rate, including a thermal contribution and a quadratic term in the coher-
ent driving, and an increment of the effective temperature perceived by the qubits. These differences
give rise to striking effects in the qubits dynamics, including a faster generation of steady-state co-
herence and a richer dependence on temperature of the collective effects, which can be made stronger
at higher temperature.
Introduction.—Atomic systems interacting with con-
fined photonic or phononic modes represent one of the
most studied classes of quantum-optical systems. On
the one hand, the confinement may induce modifications
of single atom absorption and emission rates such as
the well-known Purcell effect [1]. On the other hand,
the collective nature of such interactions gives rise to a
rich quantum phenomenology characterized, for exam-
ple, by the emergence of quantum phase transitions [2]
and by the qualitative modifications of optical proper-
ties [3]. Concerning the latter, a sub and a superradiant
regime have been identified, respectively characterized
by the dampening or the amplification of atomic absorp-
tion and emission rates with respect to the independent-
emitter case [4]. These regimes have been extensively
studied also in the presence of coherent or incoherent op-
tical drivings [5–12]. Much attention has been devoted
to the so-called “bad-cavity limit” in which the confined
mode is strongly dampened with respect to the interac-
tion with the atoms [5–8, 10, 11]. In this context, the
effective dynamics of the atoms is obtained by adiabati-
cally eliminating the confined mode [13–16].
Besides the fundamental interest, collective quantum
phenomena induced by light-matter interactions can be
exploited in a variety of applications. In particular, the
sub and superradiant regimes may be associated to the
generation of collective states of the emitters, which are
of great interest for quantum sensing [17, 18], genera-
tion of non-classical states [19], photon storage [20], and
excitation transfer [21]. This phenomenology is of high
experimental relevance, as collective light-matter interac-
tions can be controllably implemented in a broad range
of atomic and solid-state quantum systems, such as cold
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atoms [22], trapped-ions [23], metamaterials [24], plas-
monic cavities [25], colour centres in diamonds [26], quan-
tum dots [27], and superconducting circuits [28].
Collective emission phenomena have so far been an-
alyzed only for dipolar interactions, where light and
matter are linearly coupled. However, it has been re-
cently predicted that using atomic or solid-state systems
it is possible to implement nondipolar light-matter cou-
plings, where the linear interaction is inhibited and where
quantum emitters and localized bosonic modes interact
via the exchange of two excitation quanta. In particu-
lar, such two-photon couplings can be observed by engi-
neering superconducting atom-resonator systems [29, 30]
or by applying analog quantum simulation schemes in
trapped-ions [31–33] or ultracold atoms [34, 35]. No-
tice that non-dipolar transitions have already been ob-
served using superconducting artificial atoms [36], and
that quantum-simulation techniques have already been
experimentally applied to observe the physics of fun-
damental dipolar light-matter interaction models in ex-
treme regimes of parameters [35, 37]. On the dissi-
pative side, two-photon relaxation [38, 39] and pump-
ing [38] have also been theoretically analyzed and ex-
perimentally implemented [40]. The fast-growing inter-
est in two-photon couplings is motivated by a rich phe-
nomenology, characterized by counter-intuitive spectral
features [41–45], high-order quantum optical nonlineari-
ties [29, 30, 46], and quantum phase transitions [47–51].
In turn, this phenomenology can be exploited in different
quantum-information applications [52–54].
In this paper, we study the dynamics of a damped
harmonic oscillator (HO) interacting with an ensemble
of qubits in the bad-cavity limit in the case of a two-
photon coupling. By applying a recently-developed ap-
proach to perform adiabatic elimination in open quantum
systems [15, 16], we derive an effective master equation
for the qubits that takes into account the coupling with
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2finite-temperature baths as well as coherent and incoher-
ent optical drivings. Our analytical and numerical analy-
sis of the time evolution and steady-state behavior unveils
a novel collective phenomenology induced by nondipolar
light-matter interactions. Compared to the dipolar case,
the two-photon coupling introduces the possibility to en-
hance the absorption and emission processes, and leads
to a higher resilience of sub and superradiance with re-
spect to the baths temperature.
Physical models.—We study a system composed of a
damped HO interacting via a resonant Jaynes-Cummings
Hamiltonian with N qubits in the bad cavity limit [13,
14, 16], comparing the one-photon (1ph) and two-photon
(2ph) interaction cases. The two models are described
by the Hamiltonians
Hl = ~ωa†a+
l~ω
2
Jz + ~g
[
alJ+ +
(
a†
)l
J−
]
, (1)
where l = 1 for the 1ph case and l = 2 for the 2ph one, ω
is the frequency of the HO and lω the one of the qubits
(i.e., we consider a resonant interaction in both cases), g
is the coupling parameter between the HO and the qubits,
a and a† are the usual annihilation and creation operators
of a HO, while Jz =
∑N
i=1 σ
(i)
z and J± =
∑N
i=1 σ
(i)
± , where
σz, σ−, and σ+ are, respectively, the z-Pauli, the lower-
ing, and the raising operators of a qubit. The ground and
the excited energy levels of each qubit are indicated, re-
spectively, by |g〉 and |e〉. Moreover, we suppose that the
HO and each qubit are each in contact with an indepen-
dent thermal bath at temperature T (equal for all baths)
and that a resonant coherent pumping on the HO and
an incoherent local pumping on the qubits are available.
In the interaction picture, using a phenomenological ap-
proach [55–57], the master equation for the global density
matrix ρG is
ρ˙G = −ig
[
alJ+ +
(
a†
)l
J−, ρG
]
+ LHO(ρG) + LQ(ρG),
(2)
where LHO(•) and LQ(•) are dissipators acting, respec-
tively, on the HO and on the qubits, given by
LHO(•) =− i
[(
β∗a+ βa†
)
, •]
+ k [(1 + n¯ω,T )Da (•) + n¯ω,TDa† (•)] ,
LQ(•) =
N∑
i=1
[
γloc (1 + n¯lω,T )Dσ(i)− (•)
+ (γlocn¯lω,T + P )Dσ(i)+ (•)
]
, (3)
where DX(•) = X •X† − 12{X†X, •}, k and γloc are the
relaxation rates of, respectively, the HO and each qubit
due the local couplings with their own thermal baths (γloc
is assumed to be the same for all the qubits), β charac-
terizes the interaction between the HO and the coherent
field, P quantifies the action of the incoherent pumping
on each qubit, and n¯ω,T = [e
~ω/(kBT )−1]−1, kB being the
Boltzmann constant. The coherent pumping is treated
in the rotating-wave approximation, being |β|  ω. The
phenomenological approach is justified because we con-
sider the qubits and the HO weakly coupled (g  ω) [55],
the HO weakly coupled to its bath (k  ω) [55], and the
external coherent field resonant with the HO [56].
Adiabatic elimination.—By applying a recently-
introduced adiabatic elimination technique [15, 16] we
have been able to derive an effective master equation for
the reduced density matrix of the qubits, ρ = TrHO{ρG}
[see Appendix A for a resume of this technique and Ap-
pendix B for the detailed derivation and some comments
on the validity range of the adiabatic elimination]:
ρ˙ = −ig
[
αlJ+ + (α
∗)l J−, ρ
]
+ LQ(ρ)
+ γl
[
nlDJ+ (ρ) + (1 + nl)DJ− (ρ)
]
, (4)
where we recall that l = 1 for the 1ph case and l = 2 for
the 2ph one, and
α = −2iβ
k
, γ1 =
4g2
k
, n1 = n¯ω,T ,
γ2 = γ1
(
1 + 2n1 + 4|α|2
)
, n2 = n1
n1 + 4|α|2
1 + 2n1 + 4|α|2
.
(5)
As expected, even in the 2ph case the adiabatic elim-
ination gives rise to collective dissipative terms [second
line of Eq. (4)]. Notice that, although Eq. (4) retains its
formal structure when changing l (see Appendix C for
details), the effective parameters αl, γl, and nl coming
from the adiabatic elimination depend differently in the
two models on the physical parameters g, β, k, ω, and T
[see Eq. (5)]. This results in profound physical differences
between the 1ph case and the 2ph one, leading to novel
effects specific to the 2ph case. In particular, we can
identify three main modifications. A first evident differ-
ence regards the dependence of the unitary driving term
on α, which is linear in the 1ph case and quadratic in the
2ph one. An even more striking difference concerns the
collective relaxation rate γl which, only in the 2ph case,
depends on the parameters characterizing the state of the
HO at order zero, n1 and α (see Appendix B). Finally,
the coherent pumping increases the temperature of the
effective collective bath seen by the qubits, generated by
the adiabatic elimination of the HO. In particular, set-
ting n2 = n¯2ω,T∗ = [e
2~ω/(kBT∗) − 1]−1, the temperature
of this collective bath is
T ∗ =
2~ω
kB
[
log
(
e2~ω/(kBT ) − 2
1 + 4|α|2 (e~ω/(kBT ) − 1) + 2
)]−1
.
(6)
Notice that when α = 0 the temperature of this collec-
tive bath would be the same of the original bath of the
HO (T ∗ = T ). The peculiar form of γ2 and n2, especially
their quadratic dependence on |α|, can be useful to ma-
nipulate the dynamics of the qubits, possibly enhancing
their absorption and emission processes.
In the following, we discuss the physical consequences
of these differences. In order to check the validity of
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FIG. 1. Time evolution of the excited state population of one
qubit, ρee, with physical parameters β = 1.25k (so that |α| =
2.5), γloc = 0, g = 0.01k, T = 0, and P = 0. The dot-dashed
blue line and the continuous red line are the curves obtained
by using the effective model of Eq. (4) for, respectively, the
1ph and 2ph models. Empty markers show discrete points
obtained from the numerical simulation of the full model of
Eq. (2). In the 2ph model the steady state is clearly reached
much faster.
the adiabatic elimination, we will show in several figures
numerical simulations of the full model of Eq. (2).
Coherent driving effects: faster dynamics and robust
steady-state coherence.—In order to focus on the effects
due to the coherent pumping on the HO, let us con-
sider the case of zero temperature and no local incoherent
pumping on the qubits. For T = 0 and P = 0, Eq. (4)
simplifies and γ2 = γ1(1 + 4|α|2).
The quadratic dependence of γ2 on |α| can be exploited
to make the system reach much faster its steady state in
the 2ph case. This is shown in Fig. 1, comparing the
dynamics of one qubit (henceforth we use the notation
〈x|ρ|y〉 = ρxy) for the two models.
Focusing on the reachable steady states ρst in the one
qubit case, Fig. 2 shows that non-diagonal ones in the
bare basis, that is presenting coherences, can be ob-
tained. The analytical expression of these coherences in
the general case (T 6= 0 and P 6= 0) can be found in Ap-
pendix D 1. In particular, non negligible coherences are
obtained when g is sufficiently high (but inside the va-
lidity range of the adiabatic elimination). By comparing
the two models, one can see that great differences arise
for |α| & 1. In this regime, indeed, the 2ph interaction
allows one to generate steady states in much shorter time
(as one can evince from Fig. 1) and with higher coher-
ences. Moreover, the steady state does not change much
for little variations of α when |α| is high enough. This
is due to the fact that when γloc is negligible, the steady
state depends only on the ratio γl/(g|α|l), which in the
2ph case does not tend to zero but to 16g/k. For ex-
ample, when γloc = 0 and g = 0.01k, the steady state
coherences for 2 ≤ |α| ≤ 2.5 are very close, as shown in
the inset of Fig. 2. Therefore, it is possible to rapidly
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FIG. 2. Steady state excited populations and coherences of
one qubit as functions of |α| with γloc = 0, g = 0.01k, T = 0,
and P = 0. The various empty markers show discrete points
computed with the full model of Eq. (2). As predicted, the
error induced by the effective model increases as |α| increases.
The inset shows a zoom of the 2ph steady-state coherence for
2 ≤ |α| ≤ 2.5. Both the full and the effective model predict a
very low variation of the coherence in this range of |α|.
generate non-diagonal steady states resilient to intensity
fluctuations of the coherent driving. We stress that the
generation of steady-state coherence is relevant since, in
general, it is considered as a resource for quantum tech-
nologies [58]. In particular, it has been recently shown
that non-diagonal steady states can find applications in
quantum metrology protocols that can be enhanced by
generating these states faster [59, 60].
Temperature resilience of collective phenomena.—Let
us now consider the case of no coherent pumping, in
order to focus on the emergence of correlations due to
the collective dissipative terms. For α = 0, in Eq. (4)
the unitary term disappears, γ2 = γ1(1 + 2n1), and
n2 = n
2
1/(1 + 2n1) = 1/[e
2~ω/(kBT ) − 1]. This particular
setting has been used [7, 8] to study the emergence of sub
and superradiant steady states as functions of the inco-
herent pumping parameter P when T = 0. The quantity
Jcorr = 〈J+J−〉 −
∑
i=1〈σ(i)+ σ(i)− 〉 is used to characterize
these collective phenomena. In particular, Jcorr > 0 in-
dicates the occurrence of superradiance while Jcorr < 0
of subradiance.
When T = 0, there is no difference between the 1ph
and the 2ph models because γ2 = γ1. In contrast, the
two models behave very differently for T 6= 0, as shown in
Fig. 3 where we plot Jcorr in the two models as functions
of the incoherent pumping and the baths temperature in
the case of two qubits, for g = 0.01k and γloc = 10
−4k.
A more varied dependence of the collective phenomena
on temperature in the 2ph case is observed due to the in-
crease of the collective dissipation rate γ2 with the tem-
perature. In particular, remarkable differences are ob-
served when P is close to P ∗ ≡ γ1 + γloc, since for this
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FIG. 3. Jcorr of two qubits as a function of T (n¯ω,T in the plot)
and P/k in the 1ph and 2ph cases for g = 0.01k, γloc = 10
−4k,
and α = 0. The horizontal lines correspond to the value
P = P ∗ ≡ γloc + γ1 = 5× 10−4k, where both models give ex-
actly Jcorr = 0 at zero temperature. The 2ph model exhibits
a richer dependence on temperature including stronger subra-
diance and superradiance at higher temperatures. Note that
the extremal values that Jcorr may assume in the two-qubit
case are −1 and 1.
value of P , in the 1ph case, Jcorr = 0 for any T , while
this is not the case in the two 2ph case. This can be also
evinced by the analytical expression we have obtained
for Jcorr in the two-qubit case (see Appendix D 2) which
shows that subradiance and superdiance are obtained
when P is, respectively, lower or higher than γl + γloc.
This behavior of the sign of Jcorr has been confirmed in
all the other simulations that we have done (up to six
qubits). This means that for P = P ∗, since γ2 increases
with temperature, subradiance is observed for any tem-
perature different from zero in the 2ph case. One could
wonder if part of these differences arise just because the
qubits in the 2ph model have frequency 2ω so that, for
the same temperature, they interact with local baths by
means of a lower average excitation number. To check
the extent of this effect we have also looked at the same
plot using the frequency 2ω for the qubits and the HO
for the 1ph case finding only a partial reduction of the
differences between the two models. An example of this
issue is treated for a specific example in Fig. 4.
A different behavior of collective phenomena is still
present in the case of a larger number of qubits, as ex-
hibited in Fig. 4(a), where the plot of Jcorr as a function
of the incoherent pumping for four qubits at a fixed tem-
perature (n¯ω,T = 1) clearly shows relevant differences in
the two models, especially for the subradiance. In par-
ticular, in the 2ph case, a higher peak of both super and
subradiance can be reached, even when the frequency of
the qubits and of the HO in 1ph case is set equal to 2ω.
A more striking different behavior of the two models can
be obtained by studying the dependence of Jcorr on T
for specific values of the pump, as shown in Fig. 4(b).
For P = P ∗ no subradiance nor superradiance are visible
in the 1ph case, while in the 2ph case a strong subra-
diance may be observed. An even more interesting case
is obtained for P > P ∗. In this case, the system dis-
plays superradiance at T = 0 in both models while it fol-
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FIG. 4. (a) Jcorr of four qubits as a function of P , for g =
0.01k, γloc = 10
−4k, T such that n¯ω,T = 1, and α = 0.
Here, Jcorr is plotted for the 1ph (for both ω and 2ω) and
2ph cases. (b) Jcorr of four qubits as a function of T (n¯ω,T
in the plot), for g = 0.01k, γloc = 10
−4k, and α = 0, for
P = P ∗ ≡ γloc + γ1 = 5× 10−4k and P = 1.5P ∗ (see legend).
The 1ph (ω and 2ω) and 2ph cases are compared. In both
plots, Jcorr is always zero for P = P
∗ in the 1ph case and
the various empty markers indicate discrete points computed
with the full model of Eq. (2), i.e., without performing the
adiabatic elimination. Note that the extremal values that
Jcorr may assume in the four-qubit case are −2 and 4.
lows very different paths, depending on the model, when
the temperature increases. In the 1ph model, Jcorr is
always positive and tends to zero for increasing temper-
ature whereas, in the 2ph model, there is a temperature
T ′ such that P < γ2 + γloc for T > T ′. Therefore, in the
2ph model, the system can go into a subradiant zone in-
accessible through the 1ph interaction at fixed pumping.
Conclusions.—In summary, we have studied the case
of a damped HO interacting with N qubits via a two-
photon coupling in the bad-cavity limit in the presence
of finite temperature baths, a coherent pumping on the
HO, and an incoherent pumping on the qubits, compar-
ing it to the one-photon coupling case. We have suc-
ceeded in applying a recent adiabatic elimination tech-
nique in the two-photon model to derive a reduced master
equation governing the collective evolution of the qubits.
This presents two fundamental differences compared to
the dipolar case: an enhancement of the spontaneous-
like emission rate, including a thermal contribution and
a quadratic term in the coherent driving, and an in-
creased temperature of the effective bath experienced by
5the qubits. This novel phenomenology makes it pos-
sible to accelerate the generation of non-diagonal one-
qubit steady states and to observe a drastic change of
the temperature-dependent behavior of quantum collec-
tive phenomena, leading to a stronger resilience of these
phenomena to high temperatures. We finally remark that
the models here investigated can be feasibly implemented
with both atomic and solid-state existing quantum tech-
nologies (see introduction).
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Appendix A: Adiabatic elimination technique
Here, we briefly resume the recently developed adi-
abatic elimination technique [15, 16] that we have ex-
ploited in our analysis. To apply this technique we have
to divide the system under study into two subsystems,
one governed by a fast dynamics and the other one by a
slow one. We call “system A” the fast system and “sys-
tem B” the slow one. Moreover, the two subsystems have
to interact weakly. As final requirement, system A has
to converge to a unique steady state, which we call ρstA,
when it is influenced uniquely by its own Lindbladian.
For a far more detailed discussion see Ref. [16].
Following the prescription of Ref. [16], the Lindbla-
dian describing the evolution of the density matrix of the
global system, ρG, is given by:
ρ˙G = LA(ρG) + LB(ρG)− i~[Hint, ρG], (A1)
where  is the quantity which will play the role of pertur-
bative parameter in the expansion of system B dynamics
and each Lindbladian is of the form
Lr(•) = − i~ [Hr, •] +
∑
n
D
X
(n)
r
(•), (A2)
where r = A, B, and
D
X
(n)
r
(•) = X(n)r •X†(n)r −
1
2
{
X†(n)r X
(n)
r , •
}
. (A3)
The interaction Hamiltonian can be written in the gen-
eral form Hint = ~c
∑M
k=1Ak⊗B†k, where Ak and Bk are
not necessarily hermitian and c is a constant with the
dimensions of a frequency.
The goal of the adiabatic elimination procedure is to
find the super-operator describing the dynamics of the
reduced density matrix of system B, ρB = TrA {ρG}, as
ρ˙B = LS(ρB) =
∑
m≥0
mLS,m(ρB), (A4)
and to be able to return back to the global dynamics
through
ρG = K(ρB) =
∑
m≥0
mKm(ρB), (A5)
where, at any order in , LS is a Lindbladian and K is
a Kraus map. In our case, we want to obtain a second
order equation for the dynamics of system B since, at
first order, the adiabatic elimination does not give rise to
dissipative terms.
Due to the peculiarities of the method employed, the
zero-order terms can be chosen with a certain arbi-
trariness. Following Ref. [16], the simplest choice is
LS,0(ρB) = 0 and K0(ρB) = ρstA ⊗ ρB . Then, the first
order reduced dynamics is given by [16]
ρ˙B = LS,1(ρB), (A6)
where
LS,1(ρB) = −ic
M∑
k=1
[
TrA
{
Akρ
st
A
}
B†k, ρB
]
+ LB(ρB).
(A7)
The super-operator K1 can be obtained as follows [16]:
K1(ρB) = −ic
M∑
k=1
Fk
(
ρstA
)⊗ (B†kρB)+ h.c. , (A8)
where Fk (ρ
st
A) = τ [JA(AkρstA)− Tr{AkρstA}ρstA], h.c. in-
dicates the hermitian conjugate and JA and τ are defined
in the following. In general, the JA super-operator has
the form
JA(Z) = 1
τ
∫ ∞
0
etLA (Z − R(Z)) dt+ R(Z), (A9)
where τ > 0 such that −LA (τJA(Z)) = Z − R(Z) and
R(Z) = lims→+∞ esLA(Z) = TrA{Z}ρstA. Notice that
even if it could seem that the results of the procedure
depend on the choice of the parameter τ , for the case we
are going to examine the value of this parameter will be
irrelevant.
In order to find the second order dynamics of system
B, it is useful to define two matrices whose elements are
given by
Xk,j = c
2
[
Tr
{
Fj
(
ρstA
)
A†k
}
+ h.c.
]
,
Yk,j =
c2
2i
[
Tr
{
Fj
(
ρstA
)
A†k
}
− h.c.
]
. (A10)
The matrix X is Hermitian and positive semi-definite.
Then, there exists a non-unique M ×M matrix Λ such
that X = ΛΛ†.
The second order dynamics is given by [16]
ρ˙B = LS,1(ρB) + 2LS,2(ρB), (A11)
6where
LS,1(ρB) = −i
M∑
k=1
[
TrA
{
Akρ
st
A
}
B†k, ρB
]
+ LB(ρB),
LS,2(ρB) = −i
 M∑
k,j=1
Yk,jBkB
†
j , ρB
+ M∑
p=1
DLp(ρB),
Lp =
M∑
j=1
Λ∗j,pB
†
j . (A12)
Appendix B: Adiabatic elimination of the harmonic
oscillator
Here, we apply the general method described in the
previous section to the one-photon (1ph) and the two-
photon (2ph) models considered in the main text. There,
system A consists of an harmonic oscillator (HO) while
system B is an ensemble of qubits. In particular, the
starting point for this application is the Eq. (2) of the
main text describing the global dynamics of the two mod-
els and which is given in the interaction picture. In
the Schro¨dinger picture, the models are described by the
equation:
ρ˙G,S = − i~ [Hl, ρG,S ]+LHO,S(ρG,S)+LQ,S(ρG,S), (B1)
where ρG,S is the global density matrix in the Schro¨dinger
picture, l = 1 for the 1ph case and l = 2 for the 2ph one,
Hl is given in Eq. (1) of the main text, and
LHO,S (•) =− i
[(
β∗aeiωt + βa†e−iωt
)
, •]
+ k [(1 + n¯ω,T )Da (•) + n¯ω,TDa† (•)] ,
LQ,S(•) =
N∑
i=1
[
γloc (1 + n¯lω,T )Dσ(i)− (•)
+ (γlocn¯lω,T + P )Dσ(i)+ (•)
]
. (B2)
The passage from the Schro¨dinger picture to the inter-
action one is, indeed, necessary to apply the adiabatic
elimination method since the bare dynamics of both the
qubits and the Harmonic Oscillator (HO) is much faster
than all other dynamics so that to separate the system
into a fast and a slow part is not possible. Moreover, ne-
glecting the interaction between the two subsystems, the
steady state of the HO does not exist because of the time
dependent part in the Hamiltonian describing the action
of the coherent driving. The unitary operator used to
move from the Schro¨dinger picture to the interaction one
[i.e., from Eq. (B1) to Eq. (2) of the main text] is
Ul(t) = e
i
~H0,lt, (B3)
where
H0,l = ~ωa†a+
l~ω
2
Jz. (B4)
In this section, we denote the reduced density matrix of
the HO with ρA in order to maintain the notation of
the preceding section, while we call the reduced density
matrix of the qubits ρ, without suffixes, in order to have
the same notation of the main text.
As explained in the preceding section, we first need
to obtain the steady state of the HO when it does not
interact with the qubits. This steady state is equal to [16]
ρstA = D(α)ρ
th
AD(−α), (B5)
where D(α) = eαa
†−α∗a, α = − 2iβk , and
ρthA =
1
1 + n¯ω,T
∞∑
n=0
(
n¯ω,T
1 + n¯ω,T
)n
|n〉〈n| . (B6)
In other words, ρstA is obtained by applying to the thermal
state with energy ~ωn¯ω,T the displacement operator cor-
responding to the coherent state in which the HO would
be at zero temperature.
We choose to use as perturbative parameter  the quan-
tity g/k so that  = g/k. With this choice, we can write
Hint = ~k
[
alJ+ +
(
a†
)l
J−
]
, (B7)
where c = k. Moreover, LQ = LB . Therefore, at first
order in g/k we get [see Eq. (A7) with A1 = a
l, A2 =(
a†
)l
, B†1 = J+, and B
†
2 = J−]
LS,1(ρ) = −ig
[
αlJ+ + (α
∗)l J−, ρ
]
+ LQ(ρ), (B8)
since [using aD(α) = αD(α) +D(α)a]
Tr
{
alρstA
}
= Tr
{
αal−1ρstA +D(α)aρ
th
AD(−α)
}
= Tr
{
αal−1ρstA
}
+ Tr
{
aρthA
}
= Tr
{
α2al−2ρstA
}
+ αTr
{
aρthA
}
=
...
= αl,
Tr
{(
a†
)l
ρstA
}
=
(
Tr
{
alρstA
})∗
= (α∗)l . (B9)
To obtain the second order dynamics we need the
super-operators Fk. In this case, there are only two of
them:
F1
(
ρstA
)
=
∫ ∞
0
etLA
[(
al − αl) ρstA]dt ,
F2
(
ρstA
)
=
∫ ∞
0
etLA
[((
a†
)l − (α∗)l) ρstA] dt . (B10)
In order to calculate the matrix elements Xi,j and
Yi,j of Eq. (A10) we just need to compute terms like
Tr
{
F1ρ
st
A
(
a†
)l}
so that finding the explicit form of the
7operators Fk is not necessary. Since Tr {Fi (ρstA)} = 0,
one can, for example, write
Tr
{
F1ρ
st
A
(
a†
)l}
= Tr
{(
a†
)l ∫ ∞
0
etLA
[
(al − αl)ρstA
]
dt
}
= Tr
{[(
a†
)l − (α∗)l] ∫ ∞
0
etLA
[
(al − αl)ρstA
]
dt
}
= Tr
{[
(al − αl)ρstA
] ∫ ∞
0
etL
†
A
[(
a†
)l − (α∗)l] dt} ,
(B11)
where L†A is the adjoint Lindblad operator [16, 55]. In
the same way, one obtains the following quantities
Tr
{
F1ρ
st
A
(
a†
)l}
= Tr
{[
(al − αl)ρstA
] ∫ ∞
0
etL
†
A
[(
a†
)l − (α∗)l] dt} ,
Tr
{
F1ρ
st
Aa
l
}
= Tr
{[
(al − αl)ρstA
] ∫ ∞
0
etL
†
A
(
al − αl)dt} ,
Tr
{
F2ρ
st
A
(
a†
)l}
= Tr
{[((
a†
)l − (α∗)l) ρstA] ∫ ∞
0
etL
†
A
[(
a†
)l − (α∗)l] dt} ,
Tr
{
F2ρ
st
Aa
l
}
= Tr
{[((
a†
)l − (α∗)l) ρstA] ∫ ∞
0
etL
†
A
(
al − αl) dt} . (B12)
The above formulas (and the resulting master equa-
tion) are valid for any l but, from now on, we will deal
explicitly with the l = 1, 2 cases because otherwise cal-
culations become needlessly cumbersome. The result ob-
tained in the case l = 1 is already known in literature [16].
Nevertheless, we think that reporting here its derivation
with this method can be helpful.
1. The 1ph case
For l = 1 it is possible to write etL
†
Aa = f0(t) + f1(t)a,
with f0(0) = 0 and f1(0) = 1. The adjoint master equa-
tion for the operator etL
†
Aa reads [16, 55]
d
dt
f0(t) +
d
dt
f1(t)a = −k
2
f1(t)a+ α
k
2
f1(t), (B13)
whose solution, f0(t) = α
(
1− e− k2 t
)
and f1(t) = e
− k2 t,
implies
etL
†
A (a− α) = e− k2 t (a− α) . (B14)
We recall that etL
†
Ar = r, where r is a constant. Analo-
gously, we can write etL
†
Aa† = f˜0(t) + f˜1(t)a† and solve
the associated differential equations. The solutions are
equal to the ones for f0(t) and f1(t) with the substitu-
tion α→ α∗. It follows that
etL
†
A
(
a† − α∗) = e− k2 t (a† − α∗) . (B15)
Now, we can calculate the elements of the X and Y
matrices. Using Eqs. (B14) and (B15) in Eq. (B12), we
obtain for l = 1 (hereafter n1 = n¯ω,T = [e
~ω/(kBT )−1]−1)
Tr
{
F1ρ
st
Aa
†} = 2
k
n1, Tr
{
F1ρ
st
Aa
}
= 0,
Tr
{
F2ρ
st
Aa
†} = 0, Tr{F2ρstAa} = 2k (1 + n1) .
(B16)
By inserting Eq. (B16) in Eq. (A10), we then have
X = 4k
(
n1 0
0 1 + n1
)
, Y =
(
0 0
0 0
)
. (B17)
We can set Λ =
√
X thus obtaining in Eq. (A12):
L1 = Λ
∗
1,1J+ + Λ
∗
2,1J− =
√
4kn1J+,
L2 = Λ
∗
1,2J+ + Λ
∗
2,2J− =
√
4k (1 + n1)J−. (B18)
Eventually, using Eqs. (A11) and (B8), we obtain as
equation for the second order dynamics of the qubits
ρ˙ =− ig[αJ+ + α∗J−, ρ] + LQ(ρ)+
+ γ1
[
n1DJ+(ρ) + (1 + n1)DJ−(ρ)
]
, (B19)
where γ1 = 4g
2/k.
2. The 2ph case
The derivation of the reduced dynamics for l = 2 pro-
ceeds analogously to the l = 1 case, but it is more in-
volved. We can write etL
†
Aa2 = h0(t) + h1(t)a+ h2(t)a
2,
8with h0(0) = h1(0) = 0 and h2(0) = 1. The adjoint
master equation for the operator etL
†
Aa2 reads
d
dt
h0(t) +
d
dt
h1(t)a+
d
dt
h2(t)a
2 =
αk
2
h1(t)
+
[
αkh2(t)− k
2
h1(t)
]
a− kh2(t)a2, (B20)
whose solution, h0(t) = α
2e−kt
(
e
k
2 t − 1
)2
, h1(t) =
2αe−kt
(
e
k
2 t − 1
)
, and h2(t) = e
−kt, implies
etL
†
A
(
a2 − α2) = e−kt (a− α)2 + e− k2 t [2α (a− α)] .
(B21)
Analogously, we can write etL
†
A(a†)2 = h˜0(t) + h˜1(t)a†+
h˜2(t)(a
†)2 and solve the associated differential equations.
The solutions are equal to the ones for h0(t), h1(t), and
h2(t) with the substitution α→ α∗:
etL
†
A
[(
a†
)2 − (α∗)2] = e−kt (a† − α∗)2
+ e−
k
2 t
[
2α∗
(
a† − α∗)] . (B22)
Now, we can calculate the elements of the X and Y
matrices. After straightforward but lengthy calculations,
using Eqs. (B21) and (B22) in Eq. (B12) and the follow-
ing equalities
D(−α)(a− α) = aD(−α),
D(−α)(a† − α∗) = a†D(−α),(
a2 − α2)D(α) = D(α) (a+ 2α) a,[(
a†
)2 − (α∗)2]D(α) = D(α) (a† + 2α∗) a†,
Tr
{(
a†
)2
a2ρthA
}
= 2(n1)
2,
Tr
{
a2
(
a†
)2
ρthA
}
= 2(1 + n1)
2, (B23)
we obtain, for l = 2,
Tr
{
F1ρ
st
A
(
a†
)2}
=
2
k
[
(n1)
2
+ 4|α|2n1
]
,
Tr
{
F2ρ
st
Aa
2
}
=
2
k
[
(1 + n1)
2
+ 4|α|2 (1 + n1)
]
,
Tr
{
F1ρ
st
Aa
2
}
= Tr
{
F2ρ
st
A
(
a†
)2}
= 0. (B24)
Then, the X and Y matrices are easily obtained by in-
serting Eq. (B24) in Eq. (A10):
X = 4k
(
(n1)
2
+ 4|α|2n1 0
0 (1 + n1)
2
+ 4|α|2 (1 + n1)
)
,
Y =
(
0 0
0 0
)
. (B25)
Eventually, using Eq. (A11) and setting Λ =
√
X as in
the 1ph case, the second order dynamics of the qubits
reads
ρ˙ = −ig
[
α2J+ + (α
∗)2 J−, ρ
]
+ LQ(ρ)
+ γ1
[(
4|α|2n1 + (n1)2
)
DJ+(ρ)
+
(
4|α|2 (1 + n1) + (1 + n1)2
)
DJ−(ρ)
]
. (B26)
The above equation can be rewritten by operating the
following substitutions
γ1
[
4|α|2n1 + (n1)2
]
→ γ2n2
γ1
[
4|α|2 (1 + n1) + (1 + n1)2
]
→ γ2 (1 + n2) , (B27)
where
n2 = n1
n1 + 4|α|2
1 + 2n1 + 4|α|2
, γ2 = γ1
(
1 + 2n1 + 4|α|2
)
.
(B28)
In this way, the 2ph model reduced master equation be-
comes
ρ˙ =− ig
[
α2J+ + (α
∗)2 J−, ρ
]
+ LQ(ρ)
+ γ2
[
n2DJ+ + (1 + n2)DJ−
]
ρ. (B29)
Notice that the quantity n2 can also be written as
n2 = n¯2ω,T +
4n1|α|2
1 + 2n1 + 4|α|2
1 + n1
1 + 2n1
, (B30)
which is another way to display what is shown in Eq. (6)
of the main text, i.e., the fact that the effective tempera-
ture of the collective bath as seen by the qubits is higher
than the actual temperature T due to the action of the
external coherent field on the harmonic oscillator.
3. Validity of the adiabatic elimination
We finally comment on the validity of the adiabatic
elimination approximation which, in our setting, relies
on the much higher rate of losses of the HO compared to
its exchanges with the qubits and requires stronger con-
ditions than just g  k. For example, for the 1ph cou-
pling with one qubit, if the HO is in a Fock state with
n˜ excitations and the qubit is in the ground state, the
“Rabi oscillations” have angular frequency g
√
n˜, leading
to the condition g
√
n˜  k. In the 2ph case, the same
reasoning leads to g
√
n˜(n˜− 1) k. In our dynamics, at
order zero [see Eqs. (B5) and (B6)] the HO is in a coher-
ent thermal state with an average number of excitations
n˜ = |α|2 + n¯ω,T . Then, we can roughly estimate the va-
lidity of the adiabatic elimination by using this value for
n˜ in the above conditions. In general, we expect the ap-
proximation to not work properly also when P & k since
in this case the qubits emission would compete with the
HO losses.
9Appendix C: Mathematical mapping of the two
models
The comparison of Eq. (B19) and Eq. (B29) shows
that the master equation describing the dynamics of the
qubits can be cast in the same form for both models. For
this reason, a mathematical mapping between the two
models is obtainable. In particular, given the physical
parameters in the 2ph model
g, β, k, ω, T, P, γloc, (C1)
contained in the effective parameters α, n1, n2, n¯2ω,T , the
dynamics to which they give rise can be obtained in the
1ph model by different proper choices of the physical pa-
rameters. Denoting with an apex the effective quantities
for this “simulation” in the 1ph model we get
g′√
k′
=
g
√
1 + 2n1 + 4|α|2√
k
,
α′
√
k′ =
α2
√
k√
1 + 2n1 + 4|α|2
,
n′1 ≡ nω′,T ′ = n2,
P ′ = P − (n2 − n¯2ω,T ) γloc
1 + n2
,
γ′loc = γloc
1 + n¯2ω,T
1 + n2
. (C2)
We remark, however, that this mapping between the
two models is a mathematical mapping and that there are
situations in which the dynamics obtained in one model
is not obtainable in the other one. For example, when
the incoherent pumping is absent in the 2ph model, since
n2 > n¯2ω,T [see Eq. (B30)], in the 1ph model we could
need P ′ < 0 to simulate the 2ph model, and this does not
correspond to the case of an incoherent pumping term.
Indeed, the physical reason for this incompatibility is the
temperature-modifying effect of the coherent driving tak-
ing place only in the 2ph model [see Eq. (6) of the main
text].
Appendix D: Steady states
In this section, we report some details regarding the
steady states of the qubit dynamics in the one- and two-
qubit cases.
1. One-qubit case
In the case when system B consists of just one qubit,
it is described by the master equation
ρ˙ =− ig[αlσ+ + α∗lσ−, ρ]
+
[
Γ
(−)
l Dσ− (ρ) + Γ(+)l Dσ+ (ρ)
]
, (D1)
where Γ
(−)
l = γloc(1 + n¯lω,T ) + γl(1 + nl) and Γ
(+)
l =
γlocn¯lω,T + γlnl +P . The density matrix elements of the
steady state ρst are found to be
ρstee =
4g2|α|2l + Γ(+)l
(
Γ
(−)
l + Γ
(+)
l
)
8g2|α|2l +
(
Γ
(−)
l + Γ
(+)
l
)2 ,
ρsteg =
2igαl
(
Γ
(+)
l − Γ(−)l
)
8g2|α|2l +
(
Γ
(−)
l + Γ
(+)
l
)2 , (D2)
being for any ρ, ρgg = 1− ρee and ρge = ρ∗eg.
An interesting limit case is obtained when |α| is high
enough that every term not containing it can be safely
neglected. In the 1ph case, the result of this operation is
ρstee =
1
2
, ρsteg = 0. (D3)
In the 2ph case, in this limit we have Γ
(−)
2 ' 16(1 +
n1)|α|2g2/k and Γ(+)2 ' 16n1|α|2g2/k so that
ρstee =
1 + 64n1 (1 + 2n1) (g/k)
2
2 + 64 (1 + 2n1)
2
(g/k)
2 ,
ρsteg = e
i(2φ−pi2 ) 4g/k
1 + 32 (1 + 2n1)
2
(g/k)
2 , (D4)
where we have used the notation α = |α|eiφ. The
case represented in Fig. 2 of the main text is the zero-
temperature one, for which the above formulas become
ρstee =
1
2 + 64(g/k)2
, ρsteg = e
i(2φ−pi2 ) 4g/k
1 + 32(g/k)2
.
(D5)
In this case, the maximum of
∣∣ρsteg∣∣ is obtained for g/k =
1/(4
√
2) ' 0.177. However, for this value of g/k we are
not anymore in the bad-cavity limit.
2. Two-qubit case
The steady state of two qubits can be found analyti-
cally (we have done it using MATHEMATICA) but its
form is very cumbersome. Here, we report the analytical
form of Jcorr in the case α = 0, analyzed in the maintext:
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Jcorr =
Pγl(1 +Rl)(P − γl − γloc)
(P + γlocRl)
3
+ 3γlRl (P + γlocRl)
2
+ γ2l [2γlocR
3
l + P (1 +Rl + 2R
2
l )]
, (D6)
where Rl = 1+2nl. The sign of Jcorr in Eq. (D6) depends
only on P − γl − γloc, which is temperature dependent
only in the 2ph case. Our numerical simulations of the
effective model indicate that this is true for any number
of qubits. We have checked this up to six of them.
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